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We study the operation of linear optics schemes for entanglement distribution based on nonlocal
photon subtraction when input states, produced by imperfect single-photon sources, exhibit both
vacuum and multiphoton contributions. Two models for realistic photon statistics with radically
different properties of the multiphoton “tail” are considered. The first model assumes occasional
emission of double photons and linear attenuation, while the second one is motivated by heralded
sources utilizing spontaneous parametric down-conversion. We find conditions for the photon statis-
tics that guarantee generation of entanglement in the relevant qubit subspaces and compare it with
classicality criteria. We also quantify the amount of entanglement that can be produced with im-
perfect single-photon sources, optimized over setup parameters, using as a measure entanglement of
formation. Finally, we discuss verification of the generated entanglement by testing Bell’s inequal-
ities. The analysis is carried out for two schemes. The first one is the well-established one-photon
scheme, which produces a photon in a delocalized superposition state between two nodes, each of
them fed with one single photon at the input. As the second scheme, we introduce and analyze a
linear-optics analog of the robust scheme based on interfering two Stokes photons emitted by atomic
ensembles, which does not require phase stability between the nodes.
PACS numbers: 42.50.Ex, 03.67.Hk, 42.50.Ar, 03.67.Bg
I. INTRODUCTION
One of the grand challenges in emerging quantum tech-
nologies is the distribution of entanglement over long
distances, which would significantly enhance the feasi-
ble range of quantum key distribution [1, 2] and other
quantum communication protocols. Loss and other deco-
herence mechanisms, inevitably affecting long-haul trans-
mission of quantum systems, e.g., light in optical fibers,
dramatically attenuate available nonclassical correlations
with an increasing distance. Presently, the most promis-
ing solution to this problem is an architecture based on a
sequence of quantum repeaters placed at regular intervals
over the distance to be covered [3]. First, entanglement
is generated between quantum memories located at ad-
jacent nodes, which can be done more efficiently owing
to shorter separation. In the second stage, entanglement
swapping operations [4, 5] performed on quantum mem-
ories at individual nodes create long-distance entangle-
ment between the end stations.
A natural choice for the physical implementation of
quantum repeaters are atomic ensembles [6] or solid-state
systems for storing quantum superpositions, with optical
interconnects to facilitate transfers of quantum states [7].
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An essential ingredient in quantum repeater architectures
is a scheme to distribute entanglement between adjacent
nodes. Proposed designs are based on Raman scattering
in atomic ensembles [8–12], photon pair sources combined
with quantum memories [13], as well as on a combina-
tion of multiple single-photon sources, memories, linear
optics, and conditional photodetection [14]. In the last
case, the underlying idea is to perform nonlocal photon
subtraction [15–17], which creates, in a heralded, loss-
tolerant way, entangled states of excitations stored in
quantum memories. The single photons at the input are
a nonclassical resource which allows for the generation of
entanglement.
The purpose of this paper is to analyze imperfections
of single-photon sources that can be tolerated in the oper-
ation of linear-optics schemes for entanglement distribu-
tion based on nonlocal photon subtraction. Our analysis
is based on two examples. The first one is the original
proposal by Sangouard et al. [14] to prepare a superpo-
sition of two distant quantum memories sharing a single
excitation. As the second example, we introduce a linear
optics version of the scheme based on two-photon inter-
ference of Stokes photons emitted from atomic ensembles
[10, 11] and study its robustness against source imperfec-
tions.
Linear optics schemes for entanglement distribution
are sensitive to both vacuum and multiphoton contri-
butions in the input photon statistics. We will consider
2here two models of the photon number distribution for
sources used to generate entanglement. The first model is
a statistical mixture of up to two photons, that includes
both non-ideal photon preparation and the possibility of
double photon emission. The second model is motivated
by heralded single-photon sources based on spontaneous
parametric down-conversion [18]. Their typically low suc-
cess rates could be improved in principle through the
construction of multiplexed arrays [19–21]. The down-
conversion model of photon statistics exhibits a relatively
long multiphoton “tail” vanishing more slowly than the
thermal distribution with an increasing photon number.
Considering two models with radically different proper-
ties in the multiphoton sector will allow us to assess
whether the specifics of the multiphoton contribution
may have a noticeable impact on the entanglement dis-
tribution scheme. The actual statistics of sources that
are currently being developed [22, 23] can be expected
to interpolate between the two extreme models studied
here.
To characterize the effects of imperfections, we quan-
tify the entanglement generated in the relevant qubit
subspaces with the help of entanglement of formation
[24, 25]. This measure can be computed for a pair of
two-level systems in a straightforward manner, provid-
ing an upper bound for distillable entanglement [26]. We
also give simple threshold criteria for the photon statis-
tics necessary for entanglement generation at all. It is
interesting to discuss these criteria in the context of non-
classicality of input light: clearly, if the sources exhibited
Poissonian statistics, with optional classical excess noise,
no entanglement generation would be possible, as a setup
based on such sources, linear optics, and standard pho-
todetectors would admit an entirely semiclassical descrip-
tion [27]. We find that the non-classicality condition and
the criteria for entanglement generation are not equiva-
lent.
As the last aspect, we discuss the possibility to verify
successful entanglement generation by demonstrating a
violation of Bell’s inequalities [28]. For the single-photon
superposition generated between two quantum memo-
ries, we use the Clauser-Horne inequality [29] applied
to unbalanced homodyning measurements of phase-space
quasiprobability distribution functions [30]. In this ap-
proach, noncommuting observables are realized with the
help of phase-space displacements introduced by super-
posing the signal field with a coherent reference on an un-
balanced beam splitter [31, 32]. In the second example,
when the quantum memory at each mode contains an ex-
citation prepared in a superposition of two modes, we can
use the standard Clauser-Horne-Shimony-Holt (CHSH)
inequality [33], although care needs to be taken to ac-
count correctly for multiphoton terms.
This paper is organized as follows. First, in Sec. II we
present a general theoretical description of linear-optics
schemes for nonlocal photon subtraction. Simplified for-
mulas in the high-loss regime that are most relevant in
practical scenarios are derived. Section III introduces two
models of photon statistics that will be used to study the
effects of source imperfections. The generic one-photon
scheme is described in Sec. IV, where a threshold criterion
for the photon statistics to warrant entanglement gener-
ation is also derived. A quantitative characterization of
entanglement produced in this scheme and requirements
to violate phase-space Bell’s inequalities are presented in
Sec. V. A linear optics two-photon scheme robust against
phase instabilities is introduced in Sec. VI. Its properties
are discussed quantitatively in Sec. VII. Finally, Sec. VIII
concludes the work.
II. NONLOCAL PHOTON SUBTRACTION
A number of linear optics schemes for entanglement
distribution via nonlocal photon subtraction can be de-
scribed using a general setup depicted in Fig. 1(a). An
array of M sources emits single photons in well-defined
modes represented by respective annihilation operators
aˆi, i = 1, . . . ,M . The sources are divided into two groups
located at adjacent nodes. At each node, the photons are
directed to beam splitters with identical power transmis-
sions T . The transmitted beams are sent to an interme-
diary site, where they are combined using a linear optical
circuit characterized by a certain unitary M ×M matrix
U, whose outputs are monitored by an array of single-
photon detectors. We assume here that losses affecting
all the modes between the beam splitters and the inter-
mediary site, as well as the efficiencies of the detectors,
are uniform. The beams reflected off the beam split-
ters placed after single-photon sources are mapped lo-
cally onto quantum memories present at the nodes. Light
stored in quantum memories is retained for further pro-
cessing only if the detectors at the intermediary site pro-
duce certain sequences of clicks, heralding that entangle-
ment between memories has been successfully generated.
In subsequent stages, entanglement swapping operations
can be used to extend the range of entanglement to more
distant nodes.
Let us denote by bˆi, i = 1, . . . ,M , annihilation opera-
tors of modes after the transformation U. Their relation
to the input operators aˆi can be written compactly as


bˆ1
bˆ2
...
bˆM

 = U


aˆ1
aˆ2
...
aˆM

 . (1)
Suppose that the detectors produce a specific sequence
of clicks described by a vector k = (k1, k2, . . . , kM ). The
transformation between the input state ˆ̺in and the un-
normalized conditional output state ˆ̺
(k)
out generated at the
reflected ports of the beam splitters is given by a map:
ˆ̺
(k)
out =
∑
n
p(k|n)Lˆn ˆ̺inLˆ†n. (2)
3FIG. 1. (Color online) A general scheme for nonlocal photon
subtraction that includes schemes for entanglement distribu-
tion studied in this work. The light emitted by an array of
single-photon sources located on the left of the diagram is
sent to beam splitters with identical power transmission coef-
ficients T . Reflected beams are mapped onto local quantum
memories, while transmitted beams travel to an intermediary
site, where they enter a linear optics circuit described by a
unitary matrix U with outputs monitored by heralding de-
tectors that generate counts k1, . . . , kM .
Here Lˆn are Kraus operators corresponding to the sub-
traction of ni photons from the mode bˆi, i = 1, . . . ,M
[34, 35],
Lˆn =
M⊗
i=1
√
T ni
ni!
(
√
1− T )bˆ†i bˆi bˆnii (3)
and we have denoted n = (n1, n2, . . . , nM ). Further,
p(k|n) is the conditional probability of producing a click
sequence k on the detectors, provided that n1, . . . , nM
photons have been subtracted from the modes bˆ1, . . . , bˆM .
Its form depends on the specific detection scheme used
in the setup.
Let us denote by ζ the detection efficiency, assumed to
be identical for all the detectors. As the transformation
U is linear, the parameter ζ can also account for losses be-
tween the nodes and the intermediary site, following the
assumption that losses are identical for all the modes in-
volved. If photon-number-resolving detectors are used at
the intermediary site, the conditional probability p(k|n)
is given by a multimode binomial distribution
p(k|n) =
M∏
i=1
(
ni
ki
)
ζki(1− ζ)ni−ki (4)
where we have used convention
(
n
k
)
= 0 for n < k.
Throughout this paper we will focus our attention on
the second relevant case, when binary detectors are used
at the intermediary site. Then each ki can take only
two values, 0 or 1, depending on whether the respective
detector has registered no photons or at least one, and
the conditional probability distribution p(k|n) takes the
form
p(k|n) =
M∏
i=1
[ki + (1 − 2ki)(1 − ζ)ni ]. (5)
In a realistic scenario losses between the nodes and the
intermediary site are significant and consequently ζ ≪ 1.
In this regime, in Eq. (5) we can approximate (1−ζ)ni ≈
1− ζni, provided that the photon numbers at the setup
input are not too high. Taking the leading order in ζ of
factors appearing under the product in Eq. (5), which is 1
for ki = 0 and ζni for ki = 1, gives a simplified expression
for the conditional probability distribution for ζ ≪ 1,
p(k|n) = ζK
M∏
i=1
(1− ki + kini) (6)
where K =
∑M
i=1 ki is the total number of clicks pro-
duced by the binary detectors. The above formula gives
an explicit power scaling in the efficiency ζ.
The principle of operation for entanglement distribu-
tion based on nonlocal photon subtraction is typically
discussed in the limit of very high reflection of produced
photons to quantum memories, corresponding to T → 0.
In this case, we can approximate (
√
1− T )bˆ†i bˆi ≈ 1 in
Eq. (3), assuming that contributions from higher photon
numbers at the input are sufficiently small [36]. Then the
conditional state is given by
ˆ̺
(k)
out =
∑
n
p(k|n)T
n1+···+nM
n1! · · ·nM !
× bˆn11 · · · bˆnMM ˆ̺in(bˆ†1)n1 · · · (bˆ†M )nM . (7)
When T → 0, the summation over n in the above formula
can be truncated to the lowest value of the total photon
number n1 + · · ·+ nM that gives a nonzero contribution
to a click sequence k. This yields a simple power scaling
in T .
In the following, we will consider the physical regime
when ζ ≪ 1, as otherwise formulas become overly com-
plicated. We will use the assumption T ≪ 1 mainly for
illustrative purposes. We will carry out numerical calcu-
lations for arbitrary T using the general expression given
in Eq. (3) in order to optimize the amount of generated
entanglement.
III. IMPERFECT PHOTON SOURCES
We will consider in this paper two models for photon
number distribution produced by an imperfect source.
The most elementary model, which includes both non-
unit preparation efficiency and multiphoton effects, is
a statistical mixture of up to two photons, p0|0〉 〈0| +
p1|1〉 〈1| + p2|2〉 〈2|, where the three probabilities p0, p1,
4and p2, satisfy the normalization constraint p0+p1+p2 =
1. The main advantage of this elementary model is com-
putational simplicity.
It will be convenient to introduce a physically moti-
vated parametrization for the photon number distribu-
tion in the above model. Namely, we will assume that
the statistics are generated by a source producing a sin-
gle photon with a probability 1−ǫ, while a double photon
emission occurs with a probability ǫ, and that the output
is subject to linear losses characterized by a power trans-
mission coefficient η. The explicit expressions for photon
number probabilities in this double-emission model are
p0 = (1− η)(1 − ηǫ), (8a)
p1 = η + η(1− 2η)ǫ, (8b)
p2 = η
2ǫ. (8c)
The second model is motivated by heralded sources
based on nondegenerate spontaneous parametric down-
conversion [18], when photons within produced pairs can
be separated by polarization, frequency, or the emission
direction. If the process involves only one pair of field
modes for the signal and the idler beams, the probability
of generating simultaneously n pairs scales as rn, where
r depends on the strength of the nonlinear process.
Suppose that the idler beam is monitored by a binary
heralding detector with a very low efficiency. In this case,
the conditional probability that the detector clicks scales
linearly with the number of incident idler photons, which
is a special case of Eq. (6) for M = 1. Consequently, the
probability of producing n photons in the heralded signal
beam is given, after normalization, by (1 − r)2nrn−1.
This statistics features a “tail” for n > 2, which vanishes
more slowly than Poissonian and thermal distributions
with increasing n. If the signal beam experiences losses
characterized by a power transmission coefficient η, the
photon statistics of the source is given by
pm = (1 − r)2
∞∑
n=m
(
n
m
)
ηm(1− η)n−mnrn−1
=
(1 − r)2rm−1ηm[m+ (1 − η)r]
[1− (1 − η)r]m+2 . (9)
This distribution describes the second, down-conversion
model used in our analysis.
It is easy to check that when r ≪ 1, expanding
Eq. (9) for m = 0, 1, 2 up to the linear term in r yields
Eq. (8) with r = ǫ/2. Furthermore, we verified nu-
merically that for η ≥ 0.834 the overall multiphoton
probability
∑∞
m=2 pm for the down-conversion model is
slightly smaller than the two-photon probability given
by Eq. (8c), with ǫ = 2r < 0.5. Consequently, we can
compare the performance of entanglement distribution
schemes for the two models of the photon statistics with
their parameters, identified as r = ǫ/2, to estimate the
effects of the actual shape of the multiphoton “tail” pro-
duced by an imperfect photon source.
The parameter η, common to both the models of the
photon statistics, can be used to account for attenua-
tion along the optical path from a photon source to a
respective quantum memory, as well as linear losses as-
sociated with a mapping onto the memory and its sub-
sequent readout. This parameter critically affects the
quality of the generated entanglement. In contrast, the
primary effect of losses along the path from the trans-
mitted output ports of beam-splitters T to detectors at
the intermediary site, characterized by the transmission
ζ introduced in Sec. II, is the reduction of the rate of
heralding events.
IV. ONE-PHOTON SCHEME
The simplest scheme for generating entanglement be-
tween two nodes, shown in Fig. 2, has been proposed by
Sangouard et al. in [14]. Each node has one single-photon
source and a memory. We will label the corresponding
modes with indices a1 and a2 for the two nodes. The
beams sent to the intermediary site are interfered on
a balanced 50/50 beam splitter described by a unitary
transformation
U =
1√
2
(
1 1
1 −1
)
. (10)
We will restrict our attention here to the regime ζ ≪ 1
and binary detectors monitoring the two output ports of
the beam splitter. A calculation based on Eqs. (2) and
(6) shows that if perfect single-photon sources are used
in the setup with the initial state ˆ̺in = |1a11a2〉 〈1a11a2 |,
a single detector count implies generation of one of two
conditional states, denoted here with the superscript ±:
ˆ̺
(±)
out = ζT [(1− T )|ψ±〉 〈ψ±|+ T |vac〉 〈vac|] (11)
where the first component is a maximally entangled state
obtained by non-local photon subtraction,
|ψ±〉 = 1√
2
(aˆ1 ± aˆ2)|1a11a2〉
=
1√
2
(|0a11a2〉 ± |1a10a2〉) (12)
with the sign of the superposition depending on the de-
tector that clicked, and |vac〉 denotes the vacuum state.
In the limit T → 0 the relative weight of the vacuum com-
ponent with respect to |ψ±〉 becomes negligible. This
results in production of the ideal maximally entangled
state, albeit with a diminishing overall success probabil-
ity scaling as the product ζT .
If the photon sources are imperfect with their statistics
described by identical photon number distributions pm,
the initial state of the modes a1 and a2 is given in the
general case by a density matrix
ˆ̺in =
∞∑
m1,m2=0
pm1pm2 |m1〉a1 〈m1| ⊗ |m2〉a2 〈m2|. (13)
5FIG. 2. (Color online) A scheme for producing a single pho-
ton in a delocalized superposition state between two quan-
tum memories, originally proposed in Ref. [14]. S1, S2, single-
photon sources; M1,M2, quantum memories; D1, D2, herald-
ing detectors.
Assuming that binary detectors are used at the interme-
diary site, we will be interested in the conditional states
ˆ̺(k) defined in Eq. (2) for k = (1, 0) and k = (0, 1).
These states are identical up to a trivial π phase shift
performed on one of the modes, which of course does not
change the amount of the generated entanglement. Fol-
lowing the notation introduced in Eq. (11), we will label
them with a superscript ± in lieu of k.
Let us first analyze the entanglement present in the
qubit subspace spanned by the zero- and one-photon
Fock state for each of the stored modes when imperfect
single-photon sources are used. This characteristic is con-
tained in the projected memory state, denoted here with
a prime,
ˆ̺′
(±)
out = (Πˆa1 ⊗ Πˆa2)ˆ̺(±)out (Πˆa1 ⊗ Πˆa2) (14)
where the projection operators are
Πˆµ = |0〉µ〈0|+ |1〉µ〈1|, µ = a1, a2. (15)
In the two-mode subspace spanned by |0a10a2〉, |0a11a2〉,
|1a10a2〉, |1a11a2〉, the projected density matrix is given
by
ˆ̺′
(±)
out =


̺00 0 0 0
0 ̺01 c 0
0 c∗ ̺10 0
0 0 0 ̺11

 , (16)
where the only non-zero elements in the limit T ≪ 1 take
the form
̺00 = ζTp0p1, (17a)
̺01 = ̺10 = ζT
(
p0p2 +
p21
2
)
, (17b)
̺11 = 2ζTp1p2, (17c)
c = ±1
2
ζTp21. (17d)
The positive partial transposition (PPT) criterion [37,
38] implies that the state ˆ̺′
(±)
out is entangled if and only if
|c|2 > ̺00̺11. (18)
This inequality translates into a simple condition for the
photon statistics:
p21 > 8p0p2 (19)
that ensures generation of entanglement in the limit T ≪
1.
It is interesting to compare the above inequality with
properties of the photon number distribution for classi-
cal light states, i.e., coherent states and their statistical
mixtures. In the latter case, the weight of an n-photon
term can be expressed as
pn =
〈In
n!
e−I
〉
, (20)
where I is the mean photon number of a coherent state
and angular brackets 〈. . .〉 denote a classical statistical
average over I. Using the Schwarz inequality 〈XY 〉 ≤
〈X2〉〈Y 2〉 for X = e−I/2 and Y = Ie−I/2 yields
p21 ≤ 2p0p2. (21)
It is worth noting a gap between the above classical-
ity condition and the parameter region characterized by
Eq. (19) for which photon sources are capable of produc-
ing entanglement in the one-photon scheme considered
here.
The condition for entanglement generation retains a
relatively compact form for an arbitrary T if the photon
sources produce statistical mixtures of up to two pho-
tons. Using more general expressions for the elements of
the density matrix ˆ̺′
(±)
out in this case, the entanglement
criterion given in Eq. (18) can be generalized to
p21
(
p21
4
− 2p0p2
)
> 4T 4p42 + 8T
3p1p
3
2
+ 4T 2p22(p
2
1 + 2p0p2) + 8Tp0p1p
2
2. (22)
It is seen that the right-hand side of the inequality is
a fourth-order polynomial in T with non-negative coeffi-
cients. Consequently, the resulting condition on photon
statistics becomes the most relaxed in the limit T → 0,
when it can be written simply as Eq. (19). We also ver-
ified by a direct calculation that if the conditional prob-
ability distribution p(k|n) is taken in the general form
given by Eq. (5) that is valid outside the regime ζ ≪ 1,
then the right-hand side of Eq. (22) also has the form of
a polynomial in T with non-negative coefficients. Con-
sequently, the condition presented in Eq. (19) is least
restrictive over arbitrary values of ζ and T . In Figs. 3(a)
and 3(b) we depict with thick solid lines (red online) the
condition for entanglement generation given in Eq. (19)
in terms of parametrizations of the two models of photon
statistics discussed in Sec. III. We will present a more
quantitative characterization of the generated entangle-
ment in the next section.
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FIG. 3. (Color online) The effective entanglement of formation E produced in the subspace spanned by zero- and one-photon
Fock states for the input photon statistics (a) described by a mixture of up to two photons defined in Eq. (8) and (b) based
on the process of heralded parametric down-conversion, according to Eq. (9). Thick solid lines (red online) depict the criterion
(19) that warrants entanglement generation in the limit T ≪ 1. Beam-splitter transmissions T maximizing the effective
entanglement of formation for given parameters of the photon statistics are shown respectively in panels (c) and (d).
V. ONE-PHOTON ENTANGLEMENT
Let us now discuss in more detail the amount of en-
tanglement produced in the one-photon scheme and the
possibility to verify its successful generation using Bell’s
inequalities.
As an entanglement measure, we choose the entangle-
ment of formation EF , which is defined as the number
of maximally entangled states needed to prepare an en-
semble of pure states representing a given mixed state,
minimized over all such ensembles. For a normalized two-
qubit state ˆ̺ the entanglement of formation is given ex-
plicitly by [24, 25]
EF (ˆ̺) = H
(
1
2
(
1 +
√
1− [C(ˆ̺)]2)) , (23)
where H(x) = −x log2 x − (1 − x) log2(1 − x) denotes
binary entropy and C(ˆ̺) is the so-called concurrence of
the state ˆ̺, which can be computed in a straightforward
manner. The effective amount of entanglement which in-
cludes the nonunit probability of generating successfully
the desired state is 2Tr(ˆ̺′
(±)
out )EF (ˆ̺
′(±)
out/Tr(ˆ̺
′(±)
out )), where
the factor 2 comes from two possible types of detection
events denoted in Sec. IV as ±. In the limit ζ ≪ 1 consid-
ered here, this expression is linear in ζ. In order to factor
out the effects of transmission losses and finite detection
efficiency at the intermediary site, we will compute the
rescaled quantity
E =
2
ζ
Tr(ˆ̺′
(±)
out )EF
(
ˆ̺′
(±)
out
Tr(ˆ̺′
(±)
out )
)
(24)
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FIG. 4. The minimum value of the Clauser-Horne combination CH for coherent-state projections performed on the one-photon
entangled state generated using the scheme presented in Fig. 2, assuming (a) the double-emission model for the photon statistics
given in Eq. (8) and (b) the down-conversion model derived in Eq. (9). The dashed line in panel (b) indicates the contour
CH = −1 from panel (a). Note the different scales on the axes compared to Fig. 3.
which is a function of the beam-splitter transmission T
and the photon statistics {pm}. To optimize the pro-
duced entanglement, for each set of the parameters char-
acterizing the photon statistics we carried out maximiza-
tion over the transmission T . The results are depicted
in Figs. 3(a) and 3(b), and the optimal values of T are
shown in Figs. 3(c) and 3(d), correspondingly. It is seen
that although the threshold condition given in Eq. (19)
is relatively relaxed, a substantial amount of entangle-
ment is produced only for a small region of parameters
close to the ideal case of perfect single-photon sources. In
this region, the difference between the two models of the
photon statistics becomes minor. For practical photon
sources based on heralded parametric down-conversion,
the realistic values of r would be in the range 10−2 –
10−1. We considered here a broader range of r to char-
acterize performance of other sources featuring a large
multiphoton probability distributed over a “tail” extend-
ing to high photon numbers.
In order to reach rates calculated above in process-
ing and utilizing produced entanglement, one needs to
be able to perform a broad range of local operations on
quantum memories storing noisy entangled states. An al-
ternative question is whether it would be possible to ver-
ify directly the presence of entanglement via, e.g., viola-
tion of Bell’s inequalities. When measurements are based
on photon-counting detectors, the one-photon state |ψ±〉
defined in Eq. (12) is not sufficient on its own to demon-
strate correlations incompatible with local hidden vari-
able theories [39]. However, if in addition a local phase
reference is available, one can implement noncommut-
ing measurements whose results violate Bell’s inequali-
ties. We will consider here a scheme that relies on apply-
ing a phase-space displacement by mixing the field with
a strong coherent field on an unbalanced beam splitter
and counting photons in the transmitted beam [30]. For
binary detectors, in the asymptotic limit of unit beam-
splitter transmission, this realizes a projection on a coher-
ent state whose amplitude is given by the displacement
introduced by the reference field. When the measure-
ment is performed on fields released from the memories,
the probability of a joint no-count event is therefore given
by
Q(α, β) =
1
Tr(ˆ̺
(±)
out )
〈αa1βa2 | ˆ̺(±)out |αa1βa2〉 (25)
and has the interpretation, up to a multiplicative con-
stant, of the two-mode Q function for the normalized
state ˆ̺
(±)
out . The marginal no-count probabilities for indi-
vidual detectors are given by an expression
Qa1(α) =
1
Tr(ˆ̺
(±)
out )
〈αa1 |Tra2(ˆ̺(±)out )|αa1〉 (26)
for mode a1 and an analogous expression for mode a2.
If two alternative coherent displacements α or α′ are
applied to mode a1 and β or β
′ to mode a2, measure-
ments of joint and marginal probabilities can be used to
evaluate the Clauser-Horne (CH) combination [29],
CH = Q(α, β) +Q(α′, β) +Q(α, β′)−Q(α′, β′)
−Qa1(α)−Qa2(β) (27)
which for local hidden variable theories is bounded be-
tween
− 1 ≤ CH ≤ 0. (28)
In Fig. 4 we depict the minimum value of the combination
obtained by optimization over displacements α, α′, β, and
8β′ for the two models of photon statistics introduced in
Sec. III. The output density matrix ˆ̺
(±)
out has been taken
in the limit ζ ≪ 1 and T ≪ 1. The photon statistics
pm based on the down-conversion model has been trun-
cated at m = 3, which reduces the trace of the input
density matrix ˆ̺in by less than 0.1% within the relevant
parameter region. We verified that including the photon
statistics up to m = 6 for the optimal displacements does
not noticeably change the value of the CH combination.
It is seen that a violation of Bell’s inequalities places
stringent requirements on the photon statistics, much
stricter than the generation of entanglement in the zero-
one photon sector. Although the differences between the
two-photon model and the down-conversion model for
the photon statistics are rather minor, the two-photon
model gives a slightly larger region over which a viola-
tion of Bell’s inequality can be observed if the parame-
ters are identified as ǫ = 2r. It is also worth noting that
because the phase-space displacement is a linear opera-
tion, the parameter η characterizing the photon statistics
can also include the nonunit efficiency of detectors used
to implement the coherent-state projections described in
Eqs. (25) and (26).
VI. TWO-PHOTON SCHEME
In order to prepare a pair of photons entangled with re-
spect to a modal degree of freedom such as polarization,
one could repeat the scheme described in Sec. IV twice
and postselect the output on the presence of one excita-
tion at each node. In this section we present and analyze
a two-photon scheme that, starting from four photons,
directly prepares two-photon entanglement without re-
sorting to postselection. The scheme is a linear optics
analog of the proposal based on generating twin excita-
tions in atomic ensembles [10, 11]. Its principle of oper-
ation exploits two-photon interference, thus avoiding the
need for interferometric stability between the nodes.
The scheme is shown in Fig. 5. Each node comprises
two modes described by annihilation operators aˆ1 and aˆ2
for node A and aˆ3 and aˆ4 for node B. It will be con-
venient to think of the odd-numbered modes as polar-
ized horizontally and even-numbered modes as polarized
vertically. The photons emitted by sources S1, . . . , S4
are transmitted through beam splitters characterized by
power transmission T , with the reflected beams stored
in quantum memories M1, . . . ,M4. The pairs of modes
at each node are combined into a single path using po-
larizing beam splitters and sent to the intermediary site
where two-photon interference is realized. First, the po-
larizations of the two beams are rotated by 45◦ using
half-wave plates which realize the transformation
aˆ1 → 1√
2
(aˆ1 + aˆ2), aˆ2 → 1√
2
(aˆ1 − aˆ2) (29)
and analogously for the modes aˆ3 and aˆ4. Then the
polarization components are recombined in the recti-
FIG. 5. (Color online) A scheme to generate a two-photon
polarization-entangled state. Two horizontally polarized pho-
tons emitted by sources S1 and S3 and two vertically polarized
photons emitted by sources S2 and S4 are partly reflected us-
ing beam splitters T to quantum memories M1, . . . ,M4. The
transmitted beams are combined and interfered using polar-
izing beam splitters (PBS) and half-wave plates (HWP), with
outputs monitored by heralding detectors D1, . . . , D4.
linear basis on a polarizing beam splitter which trans-
mits horizontal polarization and reflects vertical polar-
ization. The output beams are transmitted through half-
wave plates rotating polarization by 45◦ and separated
into horizontal and vertical components, which are moni-
tored by detectorsD1, . . . , D4. This linear optics network
implements the following transformation of the modes
aˆ1, . . . , aˆ4:
U =
1
2


1 1 1 −1
1 1 −1 1
1 −1 1 1
−1 1 1 1

 . (30)
In the case of perfect single-photon sources, entangle-
ment is generated between single-photon subspaces of
pairs of modes aˆ1, aˆ2 and aˆ3, aˆ4, encoding polarization
qubits that are stored in quantum memoriesM1,M2 and
M3,M4. It is convenient to denote the basis states for
the two qubits as
|h〉A = |1a10a2〉, |h〉B = |1a30a4〉
|v〉A = |0a11a2〉, |v〉B = |0a31a4〉 (31)
and define the projection operators
Πˆν = |h〉ν 〈h|+ |v〉ν 〈v|, ν = A,B. (32)
We retain events when exactly one of the detectors
D1, D2 and one of the detectors D3, D4 click. If
the single-photon sources are ideal, sequences k =
(k1, k2, k3, k4) = (1, 0, 1, 0) and k = (0, 1, 0, 1) generate
9a state
ˆ̺
(k)
out =
1
2 ζ
2T 2{(1− T )2|Φ+〉 〈Φ+|
+ 12T (1− T )[ΠˆA ⊗ |0a30a4〉 〈0a30a4 |
+ |0a10a2〉 〈0a10a2 | ⊗ ΠˆB] + T 2|vac〉 〈vac|}, (33)
where
|Φ+〉 = 1√
2
(aˆ2aˆ4 + aˆ1aˆ3)|1a11a21a31a4〉
=
1√
2
(|h〉A|h〉B + |v〉A|v〉B) (34)
is the maximally entangled two-photon state. The re-
maining two combinations of clicks, i.e., k = (1, 0, 0, 1)
and k = (0, 1, 1, 0), generate an analogous state with
|Φ+〉 replaced by
|Ψ+〉 = 1√
2
(|h〉A|v〉B + |v〉A|h〉B). (35)
Analogously to the one-photon scheme, this state can be
converted into |Φ+〉 by a local unitary transformation
and we can restrict our attention to only one type of
events.
VII. TWO-PHOTON ENTANGLEMENT
Let us now characterize entanglement generated us-
ing the scheme described in the preceding section. We
will be primarily interested in the subspace spanned by
the tensor products |h〉A|h〉B, |h〉A|v〉B , |v〉A|h〉B , and
|v〉A|v〉B of the qubit states defined in Eq. (31). The
un-normalized two-photon state in this subspace can be
written as
ˆ̺′
(k)
out = (ΠˆA ⊗ ΠˆB)ˆ̺(k)out(ΠˆA ⊗ ΠˆB)
=


̺hh 0 0 c
0 ̺hv 0 0
0 0 ̺vh 0
c∗ 0 0 ̺vv

 , (36)
where the only nonzero elements are given explicitly in
the limit ζ ≪ 1 and T ≪ 1 by
̺hh = ̺vv =
1
4 ζ
2T 2(p41 + p0p
2
1p2 + 4p
2
0p
2
2 + 3p
2
0p1p3)
(37a)
̺hv = ̺vh =
1
4 ζ
2T 2(5p0p
2
1p2 + 3p
2
0p1p3) (37b)
c = 14 ζ
2T 2p41 (37c)
The state ˆ̺′
(k)
out is entangled if and only if the PPT
criterion is violated, |c|2 > ̺hv̺vh, which expressed
in terms of the photon statistics takes the form p31 >
5p0p1p2 + 3p
2
0p3. When p3 = 0, this inequality reduces
to
p21 > 5p0p2, (38)
which is weaker than the criterion for the two-photon
scheme given in Eq. (19), but still leaves a gap compared
to the classicality condition derived in Eq. (21).
Analogously to the one-photon scheme, we quantify
the amount of entanglement produced in the qubit sector
using the rescaled entanglement of formation:
E =
4
ζ2
Tr(ˆ̺′
(k)
out)EF
(
ˆ̺′
(k)
out
Tr(ˆ̺′
(k)
out)
)
. (39)
In the front multiplicative factor, the numerator 4 stems
from four relevant combinations of detector counts, while
the denominator ζ2 is a consequence of the quadratic
scaling of the scheme with the efficiency of heralding de-
tectors, as in the present case two photons need to reach
the intermediary site and be detected there.
The results of numerical optimization of the effective
entanglement of formation E defined in Eq. (39) for the
two models of photon statistics over the beam-splitter
transmission T in the limit ζ ≪ 1 are shown in Fig. 6.
For nearly optimal sources the effective entanglement is
lower compared to the one-photon scheme. This is quali-
tatively understood, as in the current case twice as many
photons need to be routed correctly to heralding detec-
tors through the linear optics circuit and the qubit pre-
pared at each node is encoded in two orthogonally polar-
ized states of a single photon rather than a pair of zero-
and one-photon Fock states. It is worth noting that the
region of parameters where entanglement can be gener-
ated is larger then in Fig. 4, consistent with the weaker
threshold condition derived in Eq. (38).
Two-photon entanglement can be used to test Bell’s in-
equalities with photon-counting detectors, without aux-
iliary reference fields. We will consider here the standard
CHSH inequality [33] for correlations between photon po-
larizations when the pairs of modes carrying the qubits
are separated on polarizing beam splitters and detected
with two detectors at each node. In the present case,
when imperfect photon sources are used, care needs to
be taken to correctly include multiphoton terms present
in the conditional states ˆ̺
(k)
out.
Rotating the polarization basis of the qubit A by an
angle θA with the help of a half-wave plate is described
by a linear transformation of the annihilation operators,
aˆ1 → aˆ1 cos θA + aˆ2 sin θA
aˆ2 → aˆ1 sin θA − aˆ2 cos θA (40)
which induces a certain unitary transformation UˆA(θA)
for the modes aˆ1 and aˆ2. Similarly, rotation of the po-
larization basis for the modes aˆ3 and aˆ4 is described by
a unitary UˆB(θB). The polarization-rotated four-mode
state after normalization reads
ˆ̺(θA, θB) =
[UˆA(θA)⊗ UˆB(θB)] ˆ̺(k)out[Uˆ †A(θA)⊗ Uˆ †B(θB)]
Trˆ̺
(k)
out
.
(41)
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FIG. 6. The effective entanglement of formation defined in Eq. (39) for the two-photon scheme maximized in the regime
ζ ≪ 1 for (a) the double-emission model and (b) the down-conversion model of the photon statistics over the beam-splitter
transmission T , with the optimal values of T shown respectively in (c) and (d).
We will assume that the output beams are monitored
using binary detectors. Events when neither or both de-
tectors clicked at one node are considered as inconclu-
sive and carry no contribution to polarization correla-
tion functions, but they are included in the overall nor-
malization in order to avoid the detection loophole. The
probability of a coincidence between detectors monitor-
ing rotated beams aˆ1 and aˆ3 is given by
P13(θA, θB)
=
∞∑
k,l=1
〈ka10a2 la30a4 | ˆ̺(θA, θB)|ka10a2 la30a4〉, (42)
and analogously for the remaining three combinations
of coincidences between the nodes described by proba-
bilities P14(θA, θB), P23(θA, θB), and P24(θA, θB). The
polarization correlation function for given settings of po-
larizing beam splitters θA, θB is expressed in terms of
these probabilities as
J(θA, θB) = P13(θA, θB)− P14(θA, θB)
− P23(θA, θB) + P24(θA, θB). (43)
The CHSH combination,
CHSH = J(θA, θB) + J(θ′A, θB) + J(θA, θ′B)− J(θ′A, θ′B),
(44)
satisfies for local hidden variable theories the inequality
− 2 ≤ CHSH ≤ 2. (45)
In Fig. 7 we depict the CHSH combination for the
standard choice of angles θA = 0, θ
′
A = −π/4, and
θ′B = −θB = 3π/8 in the regime T ≪ 1 and ζ ≪ 1,
assuming the double-emission model (a) and the down-
conversion model (b) of the photon statistics. In the
latter case, up to m = 4 photons have been taken into
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FIG. 7. The Clauser-Horne-Shimony-Holt combination CHSH for the two-photon polarization-entangled state generated using
the scheme shown Fig. 5 in the regime T ≪ 1 and ζ ≪ 1 assuming (a) the two-photon model and (b) the down-conversion
model for the photon statistics. The dashed line in panel (b) corresponds to the contour CHSH = −2 in panel (a).
account in calculations. We verified that the results do
not change noticeably within the resolution of the graphs
if numerical optimization over the angles θA, θ
′
A, θB,
θ′B is performed, with the down-conversion model trun-
cated at m = 3. The regions where a significant vio-
lation of Bell’s inequalities is possible are similar to the
one-photon case, although the difference between the two
models for the photon statistics is now more pronounced.
This can be attributed to the deleterious effects of mul-
tiphoton terms in the input photon statistics which gen-
erate double counts at one node, thus lowering the value
of the correlation function J(θA, θB).
VIII. CONCLUSIONS
We studied the performance of elementary linear-
optics schemes for entanglement distribution based
on imperfect single-photon sources, linear optics, and
heralding detectors. The underlying principle of nonlocal
photon subtraction permits preparation of one-photon
entanglement, where a single photon is prepared in a
delocalized superposition state, and two-photon entan-
glement, where two photons located at different nodes
are entangled in a modal degree of freedom such as po-
larization. Two models of photon statistics describing
imperfect photon sources were considered: the first one
assumes occasional double emission, and the second one
describes heralded sources based on spontaneous para-
metric down-conversion, with a relatively long multipho-
ton “tail”. Other types of photon sources can be expected
to exhibit statistics that lie between these two extreme
models.
We analyzed sensitivity to photon source imperfec-
tions of entanglement generated between photon-number
qubits in the one-photon scheme and polarization qubits
in the two-photon scheme. Although nonseparable states
are produced for a relatively broad range of parameters,
a substantial amount of entanglement is obtained only
for inputs close to ideal single photons. This analysis
assumed implicitly that a wide range of operations can
be implemented locally to process and distill noisy en-
tanglement created in respective qubit subspaces. Dis-
tilled maximally entangled states between adjacent nodes
could be used as a resource for standard entanglement
swapping operations to extend the range of entangle-
ment. In this strategy, the entanglement measure an-
alyzed in this paper can be used as an indicator of over-
heads resulting from the use of imperfect resources that
should be included in the standard analysis of the perfor-
mance of quantum repeaters [13, 14]. More generally, an
important task is to develop feasible and efficient meth-
ods for extending the range of entanglement in realistic
quantum repeater architectures and to analyze the effects
of imperfections beyond an elementary link [40].
A complementary question is whether the generated bi-
partite state can be used “as is” to test Bell’s inequalities.
For the one-photon scheme, auxiliary coherent reference
beams are needed to implement noncommuting measure-
ments based on photon counting, while in the two-photon
case polarization measurements are sufficient. A con-
struction of an elementary link for entanglement distribu-
tion with high-fidelity quantum memories should in prin-
ciple permit a loophole-free violation of Bell’s inequalities
in a regime when only a lossy optical channel is avail-
able between the nodes. If this is the primary objective,
one could consider generation of nonmaximally entangled
states, which may be more robust for an imperfect read
out of quantum memories [41].
We expect that this detailed study on the statistics
of sources will be of great practical benefit with an in-
creasing number of experimental systems studied to de-
12
velop quantum repeater links, as well as from a more
fundamental perspective, to perform loophole-free tests
of Bell’s inequalities.
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